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Abstract

This project is based on the study of two kinds of representation theory: quiver representation theory
and Lie algebra representation theory. By looking at some simple examples, we’ll show how the two
are connected. Indeed, we’ll identify the isomophism classes of simple and indecomposable represen-
tations of a particular quiver with relation with the equivalence classes of simple and indecomposable
representations of sy (k). Throughout this paper, k will indicate an algebraically closed field of char-
acteristic 0.

3.1 Quivers

3.1.1 Definitions

A quiver is directed graph @ = (Qo, Q1) where Qg is the set of vertices (which is assumed to be
finite) and @), the set of arrows, with maps h,t : Q1 — Qo which assign to each arrow its head and
tail, respectively. Every vertex ¢ € (o has an associated edge e; such that h(e;) = t(e;) = 1.

A path is a sequence of arrows p = ajas - - - a,, such that h(ag+1) = t(ag) fork =1,...,n— 1.
The head of the path is i (a1 ), and the tail of the path is ¢(a,,). Each e; (defined above) is a trivial path
which starts and ends at the vertex 1.

An oriented cycle is a path p such that h(p) = t(p), and h(a;) # ¢(a;) for any other i # j + 1.

It is easy to see the following property:

Proposition 1. A quiver with an oriented cycle has an infinite set of paths.
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Given a quiver (), the path algebra k() is the k-vector space generated by all paths in @) with
multiplication rule:

_ Jpa ifh(g) =t(p)
p*xq= .
0 otherwise.

Given a point ¢ € (o, we have that e; is the null path beginning and ending at that point, so
a * e; = a whenever t(a) = i and e; * b = b whenever h(b) = i. Note that the path algebra has a unit

given by Z e;.
1€Qo
Example 3.1.1. The Jordan quiver .J has one vertex Jy = {1} and one nontrivial arrow J; = {e1,a},
such that t(a) = h(a) = 1.
Its path algebra has basis {1, a,a?,...} and is thus infinite-dimensional.
Example 3.1.2. The 2-Kronecker quiver Ky

a
cpe ®Co
b

has finite-dimensional path algebra with basis {e1, ez, a, b}.
However, the cyclic 2-Kronecker quiver Cs presented by

a
[ ®cCH
b

has an oriented cycle, and its path algebra is infinite-dimensional with basis
{e1, e, a,b,ba,ab,aba,bab, ..., (ba)*, (ab)*, a(ba)*, b(ab)*, .. .}.
Example 3.1.3. The 3-Kronecker quiver K5 presented by

a
el e b e e

c

has finite-dimensional path algebra with basis {e1, €2, a, b, c}.

3.1.2 Quivers with relations

We can impose further relations on the composition of arrows. This is equivalent to quotienting the
path algebra by the apropriate ideal.

Example 3.1.4. For the Jordan quiver defined above, we can impose the relation a*

k € N. The resulting path algebra has basis {e,a,a?,...,a" "'}

= e for some

Example 3.1.5. For the quiver C; defined above, we can impose the relation ab = es, to obtain a
quiver with path algebra basis given by {e1, €2, a, b, ba}.

3.2 Quiver Representations

3.2.1 Definitions

Given a quiver (), a quiver representation of @ is a collection {V;|i € Qo} of finite dimensional
k-vector spaces together with a collection {¢, : Vi(a) — Vi(a)la € @1} of k-linear maps such that

PaPb = Pab-

From now on, we will denote a representation by R = ({V;}, {#4}).
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Example 3.2.1. The representations ({V'}, {¢}) of the Jordan quiver are given by all n X n matrices
Ag, where n = dim V.

Suppose R = ({Vi},{¢s}) and R' = ({W;},{v,}) are representations of ). Then R’ is a
subrepresentation of R if

e forevery i € g, W; is a subspace of V; and
o forevery a € Q1, the restriction of ¢q : Vy(q) — Vi(a) 0 Wy(q) is equal to 4 : Wiq) — Wi(a)-

The zero representation of () is given by ({V;}, {¢4}) such that V; = 0 for all i € Qo and ¢, is
the zero map for all ¢ € Q1. A non-zero representation R is called simple representation if the only
subrepresentations of R are the zero representation and R itself.

IfR = ({Vi}, {¢a}) and S = ({W;}, {1/, }) are representations of () then we can define the direct
sum representation R & S = ({U,}, {p.}) by taking:

o U, =V, @ W, forevery i € Qo, and

® 04 Vi) ® Wia) = Vi(a) © Wha), given by the matrix ( %l £ )

If R and S are two representations of (), then a representation morphism ¢ : R — Sis a
collection of k-linear maps {p; : V; — W;|i € Qo} such that the diagram

ba
‘/t(a) ‘/h(a)

commutes for all a € Q1. If p; is invertible for every ¢ € Qo, then the morphism @ is called an
isomorphism and R and S are called isomorphic representations.

A representation R of a quiver () is called decomposable if R ~ S @ 7 where S and 7 are
nonzero subrepresentations of (). A nonzero representation is called indecomposable if it cannot be
written as such a direct sum. For any quiver (), the simple representations of () form a subclass of its
indecomposable representations.

3.2.2 Isomorphism Classes of Representations

The study of quiver representations is significantly simplified if we consider isomorphism classes of
quiver representations rather than representations themselves. To find a representative element of each
isomorphism class, we apply representation isomorphisms to change the basis of the vector space at
each vertex in order to simplify the matrices for the maps at each arrow. For representations over C
with equidimensional vector spaces at each vertex, this process is the same as that of the Jordan normal
form.

Example 3.2.2. For the Jordan quiver with one vertex and one arrow, every isomorphism class of
representations has a representative element of the form R = ({V1},{J/1}) where J; is a matrix in
Jordan normal form and V; is a vector space with the associated basis.

This is a direct consequence of the theorem that every square matrix M = P~1.J P, where .J is in
Jordan form and P is an invertible matrix corresponding to the change of basis required to isolate the
eigenspaces of the operator; see [Ha].
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If we restrict ourselves to representations with invertible maps at each arrow, we may simultane-
ously describe the isomorphism classes of representations of quivers which differ from each other only
in the orientation of their arrows. Note that the invertibility condition implies that the representation
must have equidimensional vector spaces at all vertices. The isomorphism classes of these representa-
tions can often be described neatly, by analogy to the case of the Jordan quiver.

Example 3.2.3. Given any representation R of the cyclic 2-Kronecker quiver C5 of the form
R = ({‘/1’ V2}7 {A7 B})7

where A and B are both invertible, we can find an isomorphic representation of the form:

A Id
Vie oV = Vie oVy
B J

with J in Jordan form. To find this isomorphic representation, let B, and B2 be bases for V; and V5,
respectively. Take Py to be the change-of-basis matrix taking By to AB;. This is possible because
invertibility implies equidimensionality. Then the representation isomorphism ®q = (Id, Py) yields
the isomorphic representation

R' = ({‘/1/1 V2/}7 {Id1 BA})

We can find an invertible matrix P; such that BA = P LJP;, where J is a Jordan-form matrix.
Applying the representation isomorphism ®; = (P;, P;) yields the desired isomorphic representation.

Since we are considering only representations ({V;},{¢.}) with ¢, invertible for all a € @1,
quivers that differ only in the direction of their arrows (such as K5 and C5) have the same sets of
representations. However, these quivers still have different representation theories (for example, dif-
ferent classes of simple representations), because the definition of a subrepresentation depends on the
direction of arrows.

Example 3.2.4. The case of the 3-Kronecker quiver K3 is more complicated than that of the 2-
Kronecker, because we may not be able to simultaneously put the maps on the second and third arrows
in Jordan normal form. However, in the case dim(V;) = dim(V2) = 2, we will always be able to
conjugate bases and obtain an isomorphic representation of the form:

Pa Id

Vie 28 - 1% Vie J - oV,

4e i 0
ik

3.2.3 Simple Representations

1%

Definition 2. An i-th canonical representation R; for the quiver Q = (Qo, Q1) is a representation
of the form
R = ({ij = (S”k}7 {¢a =0foralla € Ql})

where 6;; = 1 wheni = j, 6;; = 0 when i # j.

Proposition 3. Let QQ be a quiver with no oriented cycles. A representation R of Q is simple if and
only if it is canonical.

Proof. (<) A canonical representation R must be simple, because its only proper subrepresentation is
the zero representation.
(=) We will show that every non-canonical representation has a canonical subrepresentation.
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Lemmad. If Q = (Qo, Q1) is a quiver with no oriented cycles, then there is some vertex i € Qg such
that i # t(a) for all arrows a € Q1. Such an arrow is called a sink.

Proof. Suppose for every v; € Qo, v; = t(a) for some a € Q1. Choose some v; € Qo and form a path
as follows: Choose a,, such that t(a,) = v,. Write v,11 = h(a,), and repeat. As Q) is a finite set,
eventually we will get v,, 1 = v; for some ¢ < n. Then p = a; - - - a,, is an oriented cycle in Q). But by
assumption, () has no oriented cycles, so some vertex in () must be a sink. O

So let @ be a quiver with no oriented cycle, let 1 € Qg be a vertex such that t(a) # x; for all
a € Q. Given an arbitrary representation R = (V;, p,), if V,,; # {0}, then write x,, = 1 and proceed
to the construction of S below.

If V;, = {0}, define Q" = (Qp = Qo\{z1}, Q) = Q1\{a € Q1|h(a) # z1}). As Q contained no
oriented cycles, and Qf, C Qo, @} C @1, Q' contains no oriented cycle, so we may apply the lemma.

So we may let zo € @) be a vertex such that t(a) # x2 for all @ € Q. Define the representation
R’ of Q' by restricting the representation R, and repeat the process described above.

If R is a non-trivial representation of ), we will eventually find z,, € Qo such that V| # {0} but
Via) = {0} for all @ € Q1 such that t(a) = xy,.

Construct a representation S of () by taking

S = ({W; = 0nik}, {¢po =0foralla € Q1}).

Then § is a proper canonical subrepresentation of R. To see this, observe that W; C V; for all
i € Qo and define the inclusion morphism from S into R by P = {P, : W; — Vj|i € Qo}.

To check that all maps commute, first note that for a € Q; such that t(a) # x, Wi,y = {0}. So
Ya : Wia) = Wha) and Py) : Wia) — Vi(q) must both be the zero map. Hence, for all @ € @
such that t(a) # 2 we have: Py (q) 0 9a = @4 © Py(q) = 0 so the morphism commutes.

Now, for all @ such that t(a) = x, we know that Vi (q) = Wix(a) = {0}. So 4 : Via) = Vi(a)»
Ya : Wia) = Whay @and Ppy(a) : Wi(a) = Vi(a) must all be the zero map. So for all a € Q1 such that
t(a) = z, we have Pj(4) © ) = ©q © Py(q) = 0 and the morphism commutes.

Therefore, S is a subrepresentation of R of the desired form. O

3.2.4 Indecomposable Representations

Here we will work with the examples we have given above. The invertibility of maps and the dimension
vectors will play an important role in giving all the indecomposable representations for some given
quiver.

Example 3.2.5. A representation R of the Jordan quiver .J is indecomposable if it is isomorphic to a
representation with matrix for ¢, in Jordan form with a single eigenblock, as such a matrix cannot be
rewritten as a direct sum of two smaller matrices.

Example 3.2.6. For the oriented 2-Kronecker quiver C'5 in Example 3.1.2, we have the following
classification:

Proposition 5. A representation R = ({Vi = C™, Vo = C"},{¢a, v }) of Ca is indecomposable if
and only if one of the following holds:

e R 2R = ({Vi,Va},{Id, Jr}) where Jy is a matrix in Jordan normal form with only one
eigenblock.

o (¢p 0 ¢a)* = 0 for some k € Z+ and dim ker ¢y, 0 ¢, = 1.

Proof. Without loss of generality, m > n.
We describe the possible cases, and prove decomposability or indecomposability for each case.
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1. If the composite map ¢ 0 ¢, : V1 — Vj is invertible, then we must have m = n, and ¢, ¢, both
invertible. Thus, by changing bases, we can find an isomorphic representation with ¢}, = I, ¢}
represented by a matrix in Jordan form.

Then, as shown above, R is indecomposable if and only if the matrix for ¢} has only one Jordan

block.

2. If the composite map ¢y, © ¢, : Vi3 — Vj is not invertible, we have two cases:

(a) ¢b o

i.

ii.

b, is nilpotent, i.e. (¢ 0 ¢ )* = 0 for some k € Z+

Suppose dim ker ¢, o ¢, = 1. Then take = € ker ¢, o ¢,. Then any y in the kernel
of ¢y, o ¢, must be a scalar multiple of . Suppose R is not indecomposable, so that
R =R ®R" where

R = ({Wh WQ}v {A|W1 ) B‘Wz}) ) R" = ({Uh U2}7 {A|U1 ) B|U2})

are both non-trivial. Without loss of generality, x € W.

First suppose y € Uy, y # 0. Then by definition of decomposability, (¢, o ¢ )* € Uy
forall i € Z,. But (¢ 0 ¢4)* = 0, so pick the least j € Z* such that (¢, 0 ¢, ) = 0.
Then (¢ 0, )71 € ker ¢y, 0 ¢, so for the y chosen above, (¢ 0d, ) "ty = Az € Wy.
But by assumption, y € Uy. Thus, U; = {0} so V; = W.

Now suppose y € Us, y # 0. Then, by a dimension counting argument, either y =
¢qx for some x € Vi or ¢py = x for some nonzero x € Vi. In either case, y € W
by the invariance of subrepresentations. But by assumption, y € Us, so Us = {0} so
Vo = Wa. Therefore, R” in the direct sum is the trivial subrepresentation, so R is
indecomposable.

Suppose dim ker ¢, o ¢, > 1. Write ker ¢y, o ¢, = Wy @ Uy, both of which are
non-zero. For x € Vi, write j, € Z™ is the minimal integer such that (BA)jm =0,
and define:

Wi = {z € Vi|(¢y © $a)ja — Lz € Wo} , Ur = {z € Vi|(d 0 $a)’* " € Up)}

These two sets define a decomposition of R, so R is decomposable.

(b) @ © ¢q is not nilpotent; i.e. (Pp © gzba)k' # 0 for all k € ZT. Then there is some integer
j such that V; = ker(é, o ¢4)7 @ Wy and (¢y, © ¢o )’ |w, is invertible. These sets define a
decomposition of R, so R is decomposable. O

Corollary 6. The vector spaces V1, Vs of an indecomposable representation of Co can only have di-
mensions dim V], = m =n = dim V5 or dim V7 = m, where m =1 = n = dim V5.

Proof. In the first case, V; and Vo must be equidimensional. In the second case, dim ker ¢, o ¢, = 1
implies | dim V; — dim V5| < 1. O

3.3 Lie Algebras and Their Representations

Definition 7. A Lie Algebra g is a (non-associative) algebra with the multiplication rule given by a
bilinear map [, | which satisfies

o [z,z] =0forallz € g,

o [z,[y,z]] + [y, [z, z]] + [2, [z, y]] = O forall z,y, z € g.
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These two properties imply that the [, ] operation is anti-symmetric, i.e. [z,y] = —[y,z] for all
z,y € g.

We can construct a Lie algebra from any associative algebra by defining the bracket operation as
the commutator [a, b] = ab — ba.

3.3.1 Representations of sl,(k)

The simple linear algebra slo (k)= {A € May(k)|tr A = 0)} of traceless 2 x 2 matrices is a Lie Algebra
with bracket operation defined by the commutator [A, B] = AB — BA and basis:

= (5 8)r=(8 ) =(0 Y)

We will describe the isomorphism classes of certain subclasses of the simple and indecomposable
representations of sl (k) and show that these correspond to simple and indecomposable representations
of the 2-Kroneker quiver with an oriented cycle under the relation ab = 0, as described in Example
3.1.5.

We will restrict ourselves to the category O(sl) of representations of sly (k) such that

oV = @ Vi, where Vi, = {v € V|hv = kv} is the eigenspace with eigenvalue k for the action
of h okrlﬁZ/,

o V. =0fork >0,

e Each Vj is finite dimensional.

Given v € Vj, using the bracket properties, calculation gives:

o h(v) = kv,

o h(f(v) = (k - 2)f(v),

e h(e(v)) = (k+2)e(v).

In other words, the action of f takes the eigenspace V), with eigenvalue & to Vj,_o with eigenvalue
k — 2, and the action of e takes Vj, to Vj4o.
By the given properties, we have that each representation has a maximal eigenvalue m € Z and:

k ifk=m-—2iforieZ,,
Vi = .
0 otherwise.

Thus, if we take vg € V,,, the set B={v;|i € Z*1}, where v; = f?(v), defines a basis for

V(im) = @ Vi.

kE<m

From the equations above, we can calculate that e(v;) = i(m — i + 1)v;41.
Now, we will describe a chain of examples of such representations; for this we assume that k = C.

Example 3.3.1. (The Verma Module)
Let M (m) be the sla-module with underlying vector space

M(m) = Pkv;

i>0
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and the action given by
h(vo) = mwo, v; = f(vo), e(v;)) =i(m —i+ 1)vi41.

It is easy to check that this is in fact a representation and we have a diagramatic picture as in Figure 3.1.
We have defined m as the greatest eigenvalue of M (m). If m is negative, then the map e does not
annihilate any of the other eigenspaces, and we have an infinite-dimensional simple representation.
If the greatest eigenvalue, m, is nonnegative, the action of e will annihilate the eigenspace M (m)_,.
since e(v,,+1) = 0. In this case, the representation will not be simple; in fact, the k-subspace

is a subrepresentation isomorphic to M (—m — 2). It will, however, be indecomposable, because the

subspace
EB M(m),

—m<i<m

is not invariant under the action of f.
Now, for m > 0 m € Z, taking the quotient representation

V(m) = M(m)/M(—m — 2)

gives a second example of simple representation, the only one with nonnegative integer maximal eigen-
value, V' (m). Its structure is shown in Figure 3.2(a).
These representations can be related by the following non-split short exact sequence:

0—=V(-m—-2)— M(m)—V(m)—0.

Example 3.3.2. (P(—m — 2) and M*(m))

Let M (m) be the Verma module as defined above, and define another linearly independent eigen-
vector wo with eigenvalue —m — 2 such that e(wg) = v,,. From wy, we can derive another set {w; };cn
of eigenvectors by the rule w; = f#(wyp) for each eigenvalue A = —m — 2(i + 1). Take the direct sum
of the Verma Module with the eigenspaces spanned by these w}s together with the action of e given by
e(w;) =i(—m —i— D)w;_1 + Vs

Now we can consider the k-vector space

M(m)® @ kw;

Jj=0

with action given by h(wo) = (—m — 2)wo, w; = f*(wo) and e(w;) = i(—m —i — 1)w;—1 + V. It
is easy to verify that these formulas turn the vector space EB kv; © @ kw; into a module belonging
7>0 i>0

to category O(slz). We denote this module by P(—m — 2) and it has the diagram shown in Figure
3.2(b).

Notice that the k-subspace @ kv, is a subrepresentation isomorphic to M (—m — 2). Then,

j=>m+1

taking the quotient of these two representations, we define M*(m) = P(—m — 2)/M(—m — 2). This
gives another non-split short exact sequence:

0—M(—m—-2)— P(—-m—2) - M*(m) — 0.
Furthermore, M™*(m) has the diagram shown in Figure 3.2(c).
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k?)o

Figure 3.1: The Verma module M (m).
Also, we can see that M *(m) has V' (m) as a subrepresentation which gives directly the next non-
split short exact sequence:
0—V(m)— M"(m)— M(—m—2)— 0.
Finally, as P(—m — 2) has M (m) as a subrepresentation, we get another short exact sequence:
0— M(m)— P(—m —2) - M(—m —2) — 0.

The following proposition tell us that the above examples are actually all of the examples of inde-
composable modules in O(sls).

Proposition 8. The following short exact sequences
0— M(—m—2) = M(m)—V(m)—0
0—V(m)— M (m)— M(-m-2)—0
0—M(-m-2)— P(-m—2)— M"(m)—0
0— M(m)— P(—m—2) — M(—m—-2) =0

are a complete set of equivalence class representatives of non-split short exact sequences of represen-
tations in the category O(sly).

A proof can be found in [FH]. In particular, every indecomposable representation in the category
O(sly) is isomorphic to one of the examples given above.
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(a) V(m) (b) P(—m —2) (¢) M*(m)

Figure 3.2: More sly-modules.

3.4 A matching example

At this point, for each nonnegative integer m, we have found two simple representations (M (—m — 2)
and V' (m)) and three indecomposable representations (M (m), M*(m), P(—m — 2)) of sly(Kk).

The next step is to match these representations with representations of some quiver. In order to do
that, we consider the quiver with relation given in Example 3.1.5. The following proposition gives the
classification of the simple and indecomposable representations of this quiver.

Proposition 9. For the quiver with relation given in Example 3.1.5, there are two simple representa-
tions given by

1.
0
ke o(
5 >
2.
0
Oe ok
5 -



and there are three indecomposable representations given by:

3.
1
ke ok
0
4.
0
ke ok
n -
5.
(01)
ke ™ o k2

To prove this proposition, we use the previous results described above.
Notice that we have exactly the same number of simple and indecomposable representation. This
suggests the following correspondence between each simple and indecomposable representations:

Proposition 10. There is a bijective correspondence, which preserves inclusions and quotients, be-
tween equivalence classes of simple and indecomposable modules of the 2-Kronecker quiver with rela-
tion from Example 3.1.5 and the simple and indecomposable modules of O(sly), given as follows:

o 1 V(m)
e 2 M(—m—2)
e 3 M*(m)
e 4 — M(m)
e 5« P(—m—2)
Proof. By Proposition 8, we have short exact sequences

0—V(m)— M"(m)— M(-—m—2)—0,
0— M(—m—2) - M(m) — V(m) — 0,
0— M(-m-—-2)— P(-m—2) - M*"(m) -0,
0— M(m)— P(—m —2) — M(—m —2) — 0.

Quiver representation #5 above has representations #2 and #3 as subrepresentations; #4 has #2 as a
subrepresentation; and #3 has #1 as subrepresentation.

The result follows by observing that P(—m — 2) has two lie algebra subrepresentations correspond-
ing to the two quiver subrepresentations of #5. Then by a dimension analysis for the last exact sequence,
we get the correspondence between the two simple representations. Similarly, M (m) has M (—m — 2)
as a subrepresentation, corresponding to the quiver subrepresentation #2 in #4, and M*(m) has V' (m)
as a subrepresentation, corresponding to the quiver subrepresentation #1 in #3.

This correspondence is not an accident. In fact, the 2-Kronecker quiver corresponds to the Lie
algebra s[, under a correspondence developed by Kac and Moody. In this more general matching, a
quiver corresponds to a matrix representing (¢;;) where ¢;; is the number of arrows between vertices
i and j. This matrix then is used to formulate a set of relations which describe the corresponding Lie
algebra.
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